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Teaching today is demanding work, and the expectations for tomorrow’s 
schools are going to place different and in many cases even more demanding 
expectations on teachers. We are going to talk about these demands in terms 
of  mathematics, which may be useful for thinking about the mathematical 
knowledge that teachers need today, and provide some ways for investigating 
this question as schools change in the future.

Our research group at the University of  Michigan works on a number of  
different projects that focus both on understanding the ways that elementary 
school teachers know and use mathematics in their work, and on developing 
and evaluating approaches for helping teachers acquire the specialized 
mathematical knowledge needed for teaching. Our research group isn’t 
interested in teachers’ knowledge of  mathematics because we want to develop 
teachers who can sit around and talk about math or score really well on a 
math test. What we care about is improving student learning—both today 
and in the future. We know that there are many factors that impact student 
learning, such as the curriculum that’s used or the technology that students 
have available to them. But as we all know, teachers are an essential part of  any 
of  these—that is, teachers are the ones who must administer the curriculum; 
they are the ones who must use the technology alongside their students. One 
of  the factors that influences what teachers are able to do with students is 
their mathematical knowledge, which leads us to questions about the kinds of  
mathematical knowledge teachers use in their work. 

There are, however, a number of  different ways to frame the question about 
teachers’ knowledge of  mathematics, and each has implications for the way 
the question is investigated. Consider the differences among the following:

 1. What mathematics do teachers need to know? 

 2. What mathematics do teachers know? 

 3. What mathematics do teachers use? 

 4. What mathematics does teaching entail? 
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Our research group sees these questions as progressing from questions about 
teacher knowledge to questions about knowledge for teaching. Question 1 is 
the most frequent question asked. One interesting thing to notice is that it is 
not clear from the question what “need” is based on, and often what teachers 
need to know is simply based on the student curriculum. Question 2 is a 
question about what current teachers know right now; question 3 is still about 
current teachers, but gets closer to actual practice. The distinction between 
questions 2 and 3 is important, because there are many times when people 
know things that they can’t use or don’t use in practice. Question 4 is about 
the mathematical knowledge demanded by the job itself. It’s not about what 
particular teachers know or don’t know, or about what particular teachers 
use or don’t use; it’s about what knowledge is demanded by teaching. What’s 
interesting about question 4 is that it doesn’t refer to teachers, which implies 
that some of  the mathematical knowledge demanded by teaching might not 
have to be held by teachers themselves. This type of  thinking does not espouse 
a teacher-proof  curriculum, but could allow for some of  the mathematical 
work of  teaching to be built into tools or protocols, thus freeing teachers to 
think about other things. 

It is this fourth question that our research group investigates. We have found 
that by looking at teaching and asking what mathematical knowledge is entailed 
by that work, we have uncovered ways of  knowing and using mathematics 
that might have slipped through the cracks if  we had come at it from other 
perspectives—for instance, by looking at student curriculum. Consider, for 
example, the following problem, which might be given to a fourth- or fifth-
grade student: 

49 × 25
Teaching multiplication requires knowing how to calculate the answer to 
problems such as this. In this case, a teacher would need to know that the 
answer is 1,225. But knowing multiplication or any mathematics for teaching 
goes beyond just being able to calculate the answers to problems oneself. 
For instance, when working on this problem with students, a teacher might 
encounter the following errors:

49
× 25
405

 108  
1485

(a) (b) (c)49
× 25
225
 100
325

49    
× 25    
1250  

25  
 1275
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By being able to calculate the correct answer, a teacher would know right 
away that these students got the wrong answer. But if  all the teacher can say 
is that the answers are wrong, he or she will not be in a very good position to 
help the students. He or she won’t know how to go forward with instruction, 
or what strategies would be most effective, because those decisions depend 
on how students made their errors. In fact, most student errors are not just 
random accidents. Students are sense makers, and their answers usually reflect 
some sort of  mathematical thinking. Thus, teachers need to be able to figure 
out what mathematical steps their students took to get their answers in order 
to ask good questions, and have strategies on hand with which to proceed. 
Interestingly, the type of  thinking required to analyze the preceding errors 
doesn’t require knowing about students because it isn’t yet about remediating 
the error. It is the step required to see the mathematics involved in order to work 
on the error with the student. Thus, it is still subject matter knowledge, but it 
is a different, specialized way of  knowing and using mathematics demanded 
by the work of  teaching.

Our research group takes a practice-based approach to investigating the 
knowledge entailed by the work of  teaching—what we call mathematical 
knowledge for teaching (MKT). Knowledge can often be thought of  in a 
narrow sense, but we mean it quite broadly to include mathematical ideas, 
concepts, and procedures; mathematical practices; mathematical language; 
and conceptions of  the domain of  mathematics. We also use the word teaching 
broadly to mean any activity in which teachers engage. So while it obviously 
refers to the things that teachers do with students in their classrooms, it also 
includes what teachers do outside of  the classroom—for example, talking 
with parents about the curriculum, or serving on a district curriculum 
committee. In our practice-based approach to studying MKT, we begin by 
studying instruction to identify places where teaching requires mathematical 
thinking, and as we identify those, we open them up, analyze them, and ask 
ourselves what mathematical knowledge is needed to do that kind of  work 
effectively. We then test our working hypotheses by developing measures of  
MKT and validating teacher scores against both practice and gains in student 
achievement. The final step involves developing and evaluating approaches to 
help teachers—both preservice and inservice—develop MKT. 

Domains of Mathematical Knowledge for Teaching

One of  the questions we are often asked is, How does our conception of  and 
work on MKT relate to the work of  Lee Shulman (1986, 1987) and others 
who have studied pedagogical content knowledge (PCK)? Shulman’s original 
categorization scheme distinguished between subject matter knowledge—
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in our case, mathematics—and pedagogical content knowledge. PCK is 
an amalgam of  pedagogical and content knowledge, and includes, for 
example, knowledge of  common student misconceptions and knowledge of  
representations that are especially powerful for teaching a particular idea. We 
built on Shulman’s original conceptualization in our development of  MKT 
and, in doing so, revealed discernible domains within both PCK and subject 
matter knowledge (Ball, Thames, and Phelps 2008).

Subject Matter Knowledge

Common
Content 

Knowledge
(CCK) Specialized

Content 
Knowledge

(SCK)
 Knowledge

at the 
mathematical

horizon

Knowledge of
Content and 

Students
(KCS) Knowledge

of curriculum

 Knowledge
of Content and
Teaching (KCT)

Pedagogical Content Knowledge

One of  the domains of  pedagogical content knowledge we have identified is 
knowledge of  content and students (KCS)—the name implying exactly what it 
represents: knowledge of  the subject matter combined with knowledge about 
how students engage with that subject matter. In mathematics, that includes 
knowing about common errors or misconceptions, or what mathematical 
topics are often difficult for students. Another PCK domain is knowledge of  
content and teaching (KCT), which implies knowledge of  the content combined 
with knowledge of  ways to teach that content. This includes knowing how 
to sequence problems, or using representations that are particularly good for 
introducing an idea. 

On the subject matter knowledge side, we have identified common content 
knowledge (CCK). The word common here is used to refer to ways of  knowing 
mathematics that teachers have in common with those in other settings. 
What’s been most interesting to us in our work is that we have also identified 
a type of  subject matter knowledge called specialized content knowledge (SCK), 
which represents subject matter knowledge and skills that are unique to the 
work of  teaching. This kind of  mathematical knowledge is rarely needed 
outside of  the classroom. 

In addition, there are two other domains that we are currently hypothesizing 
about but have not yet done much work in: knowledge of  curriculum and 
knowledge at the mathematical horizon. 
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To help clarify the distinctions we are making, we have found it helpful to look 
at an example across the different domains. Consider the following problem:

5
6 ÷ 1

3
Common content knowledge (CCK) refers to shared ways of  knowing 
mathematics across professions, such as being able to calculate that the answer 
is 21

2 . There’s nothing special about knowing the answer to that problem—in 
teaching or anywhere else. But if  we move to thinking about specialized content 
knowledge (SCK)—that is, knowledge that’s still mathematical but specialized 
to the work of  teaching—a teacher may need to not only do the calculation 
but also be able to analyze an alternative calculation, for example:

= 10 ÷ 4 = 25
6

÷ =1
3

1
2

10
12

÷ 4
12

It takes common content knowledge to know that the answer 21
2  is correct, 

but it takes specialized content knowledge to analyze and explain the method 
used here. Knowing to ask the right questions, being able to explain why 
certain operations work the way they do, analyzing alternative methods, and 
determining appropriate representations of  problems all involve specialized 
content knowledge. 

We can also consider this same example with respect to pedagogical content 
knowledge. Knowledge of  content and students (KCS) includes knowledge 
that helps answer a question such as, What are common errors that students 
make when dividing fractions? For example, anyone who has taught the 
standard algorithm for dividing fractions knows that kids invariably invert the 
wrong fraction. Another example of  KCS would be knowing that students’ 
experiences with whole numbers can interfere with their work on fractions. 
Because when whole numbers are divided the answer is always smaller than 
the dividend, students get very confused when they divide fractions and end up 
with a number larger than the one they started with, as in our example, where 
21

2  is bigger than 56 . Knowledge of  content and teaching (KCT) with respect 
to this example would include knowing what representation you might use to 
introduce the meaning of  division of  fractions or, in a whole-class discussion, 
deciding which solution methods you want to present—and in what order. 
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Similar MKT analyses can be done with any mathematical task of  teaching, 
for example: 

• Responding to students’ why questions

• Unpacking and decomposing mathematical ideas

• Explaining and guiding explanation

• Using mathematical language and notation

• Generating examples

• Sequencing ideas

• Choosing and using representations

• Analyzing errors

• Interpreting and evaluating alternative solutions and thinking

• Analyzing mathematical treatments in textbooks

• Making mathematical practices explicit

• Maintaining the cognitive demands of  problems

• Matching teaching strategies to student learning goals

• Attending to issues of  equity (e.g., language, contexts, and mathematical 
practices)

Some of  the items on this list are obviously mathematical, such as using 
mathematical language or giving explanations, while others may seem purely 
pedagogical yet actually require lots of  mathematical thinking—such as 
matching teaching strategies to student learning goals or attending to issues 
of  equity. All the tasks required for teaching mathematics can be thought of  
in terms of  which domains of  MKT they require.

Conclusion

Promising work has been made on articulating and understanding 
mathematical knowledge of  teaching. But because MKT is not something 
that is reliably developed or experienced, we need to make sure that we create 
systematic opportunities for teachers to develop this type of  specialized 
knowledge at all stages of  their career. As we think about the demands being 
placed on tomorrow’s schools and the changes we can expect in terms of  
student learning goals, we need to think about the impact these changes will 
have on the work of  teaching, as well as the mathematical demands they will 
entail. 
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